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ABSTRACT
Integrating multiple graphs (or networks) has been shown
to be a promising approach to improve the graph clustering
accuracy. Various multi-view and multi-domain graph clustering methods have recently been developed to integrate
multiple networks. In these methods, a network is treated
as a view or domain. The key assumption is that there is
a common clustering structure shared across all views (domains), and diﬀerent views (domains) provide compatible
and complementary information on this underlying clustering structure. However, in many emerging real-life applications, diﬀerent networks have diﬀerent data distributions,
where the assumption that all networks share a single common clustering structure does not hold. In this paper, we
propose a ﬂexible and robust framework that allows multiple
underlying clustering structures across diﬀerent networks.
Our method models the domain similarity as a network,
which can be utilized to regularize the clustering structures
in diﬀerent networks. We refer to such a data model as a
network of networks (NoN). We develop NoNClus, a novel
method based on non-negative matrix factorization (NMF),
to cluster an NoN. We provide rigorous theoretical analysis
of NoNClus in terms of its correctness, convergence and
complexity. Extensive experimental results on synthetic and
real-life datasets show the eﬀectiveness of our method.

Categories and Subject Descriptors
H.2.8 [Database Management]: Database Applications—
Data mining
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Network of Networks; Graph clustering

1.

INTRODUCTION

Graph (or network1 ) clustering is a fundamental problem
with numerous applications. Traditional clustering meth1

In this paper, we use graph and network interchangeably.
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Figure 1: An example of NoN. The main network
is represented by dashed nodes and edges. The
domain-speciﬁc networks are represented by solid
nodes and edges.

ods are usually designed for a single network [29, 18, 34].
In many emerging real-life applications, networks collected
from diﬀerent conditions or domains are becoming available. For example, gene co-expression networks are being
collected from diﬀerent tissues of model organisms [24, 5,
26]; co-author networks can be constructed for diﬀerent research areas [28]. Since a single network can be noisy and
incomplete, a promising approach is to exploit the shared
clustering structure in multiple networks to improve the accuracy of the results.
Several approaches have been recently developed to cluster multiple networks. One popular approach is multi-view
clustering [37, 20, 19]. In this approach, a set of data objects may have multiple representations (views). Diﬀerent
views provide compatible and complementary information
on the underlying data distribution. The existing multi-view
graph clustering methods assume that all views consist of the
same set of data objects and are generated from the same
underlying distribution. Multi-domain graph clustering [8]
generalizes multi-view clustering to allow many-to-many relationships between the nodes in diﬀerent networks. Thus
diﬀerent networks may consist of diﬀerent sets of nodes and
have diﬀerent sizes. Similar to multi-view graph clustering,
this approach also assumes that there is a single underlying

clustering structure shared across diﬀerent domains. The
ensemble clustering methods [30, 12, 13] aim at integrating multiple intermediate clustering results into a consensus
one. The intermediate results can be obtained by applying
the same clustering method on diﬀerent views or diﬀerent
methods on the same view.
The key assumption of the existing multi-network clustering methods is that diﬀerent networks share the same
underlying clustering structure. However, this assumption
may not hold in real-life applications. Figure 1 shows an example with six domains {A, B, C, D, E, F}, each of which
corresponds to a network. Domains {A, B, C} are similar
to each other and so are domains {D, E, F}. But these two
sets of domains are not similar to each other. Clearly, we
cannot assume domain sets {A, B, C} and {D, E, F} share
a common clustering structure.
Note that the similarity among diﬀerent domains can also
be modeled as a network (represented by dashed lines in
Figure 1). We refer to the structure shown in Figure 1 as a
network of networks (NoN). The dashed network represents
the main network among six domains {A, B, C, D, E, F}.
Each node in the main network corresponds to a domainspecific network represented by solid lines.
Consider an important bioinformatics problem: clustering
gene co-expression networks [15, 24]. In a gene co-expression
network, each node is a gene and an edge represents the
functional association between two connected genes. To improve the clustering accuracy, we can utilize multiple gene
co-expression networks collected in diﬀerent tissues. Some
tissues are similar to each other while others are not. The
similarities among tissues can be modeled as a network. For
example, in Figure 1, the main network of domains {A, B,
C, D, E, F} may represent the similarity among six diﬀerent
tissues. For each tissue, its domain-speciﬁc network represents the tissue-speciﬁc gene co-expression network. As another example, consider the co-author networks of diﬀerent
research areas. The main network may represent the similarity among diﬀerent areas and a domain-speciﬁc network
may represent the co-author network in a particular area.
The NoN setting illustrated in Figure 1 is diﬀerent from
the existing multi-view or multi-domain clustering scenario.
In the NoN setting, there can be more than one underlying
clustering structures among the domain-speciﬁc networks.
In Figure 1, the clustering structure shared by domain-speciﬁc
networks {A, B, C} may be diﬀerent from the one shared by
{D, E, F}. For example, in domains {D, E, F}, nodes {1,
2, 3} are very likely to be in the same cluster, but they are
in three diﬀerent clusters in domains {A, B, C}. Thus assuming one common clustering structure for all six domainspeciﬁc networks is not reasonable. Consider the previous
tissue-speciﬁc gene co-expression network and area-speciﬁc
co-author network examples. Given a set of tissue-speciﬁc
gene co-expression networks, the same set of genes may form
a cluster (e.g., a pathway or functional module) in several
related tissues but not in others. Given a set of area-speciﬁc
co-author networks, an author can be in diﬀerent clusters
(e.g., research sub-communities) in diﬀerent areas.
In this paper, we propose NoNClus, a robust and ﬂexible
multi-network clustering method that allows multiple underlying clustering structures. Our contributions are summarized as follows.
• We investigate a new clustering problem in the novel
network setting, NoN, where multiple underlying clus-

tering structures can co-exist among domain-speciﬁc
networks. It generalizes the single clustering structure assumption of the existing multi-view and multidomain clustering methods and has wider applicability
in many emerging real-life problems.
• We develop a novel two phase clustering framework,
NoNClus, which can simultaneously cluster domainspeciﬁc networks with the guidance from the main network. NoNClus allows partial mapping across diﬀerent sized domain-speciﬁc networks, which is more general and realistic than the multi-view setting. We also
provide rigorous theoretical analysis of NoNClus in
terms of its correctness, convergence and complexity.
• We perform extensive experiments on both synthetic
and real-life datasets to evaluate the eﬀectiveness of
the proposed method.
The rest of the paper is organized as follows. Sec. 2 is the
related work. Sec. 3 formulates the problem. Sec. 4 presents
NoNClus and its theoretical analysis. Sec. 5 presents the
experimental evaluations. Sec. 6 gives concluding remarks.

2. RELATED WORK
The existing multi-network clustering methods are mostly
developed for multi-view networks [37, 20, 19]. In multi-view
clustering, views can be networks [37, 20, 19] or data-feature
matrices [1, 23, 35]. Ensemble clustering [30, 12, 13] is related to multi-view clustering, where a consensus clustering
is obtained by applying the same clustering algorithm on
diﬀerent views or applying diﬀerent clustering algorithms on
the same view. All these methods assume diﬀerent views are
compatible and share the same underlying clustering structure. Moreover, they are usually designed for views with the
same set of data objects and the same number of clusters.
Several methods [33, 11, 22] extend the traditional multiview clustering to allow incomplete views. The method in
[33] requires at least one view to be complete. The method
in [11] focuses on constrained clustering where a set of mustlink and cannot-link constraints are needed. The two-view
NMF based model proposed in [22] may suﬀer eﬃciency
problem when applied to multi-view scenario due to its pairwise regularization between views. A recent work on multidomain graph clustering [8] allows ﬂexible network sizes and
number of clusters. This method also uses pairwise regularization between domains thus may have eﬃciency problem. In contrast to [22] and [8], our method allows eﬃcient
regularization by centroid matrices. More importantly, the
methods in [33, 11, 22, 8] have the same single underlying
clustering structure assumption as other multi-view clustering methods do.
Tensor factorization methods [17, 16] can be applied to cocluster multiple matrices [32, 14]. However, the existing tensor factorization methods, such as CP and Tucker decompositions [16], are not designed for graph data where two modes
of the tensor are symmetric. Furthermore, when applied to
cluster multi-view graphs, tensor factorization methods also
have the limitation that all views must have the same size
and share a single underlying clustering structure.

3. THE PROBLEM
We ﬁrst introduce the deﬁnition of a network of networks.
The main symbols used in this paper are listed in Table 1.

Table 1: Main symbols
Symbol
G
A(i)
U(i)
V(j)
O(ij)
D(ij)
g
ni
k
ti
A
V (i)
R

Meaning
the g × g main network
the ith domain-speciﬁc network
the factor matrix of A(i)
the j th hidden factor matrix
the mapping matrix between U(i) and V(j)
the mapping matrix D(ij) = O(ij) (O(ij) )
the number of nodes in the main network
the number of nodes in A(i)
the number of main clusters
the number of domain clusters in A(i)
domain-speciﬁc networks A = {A(1) , ..., A(g) }
the set of nodes in A(i)
a network of networks R =< G, A >

clustering method, which respects the clustering information
obtained in Phase I.

4.1 Main Network Clustering
In Phase I, we treat the main network clustering problem as a single network clustering problem. We adopt the
widely used non-negative matrix factorization (NMF) approach [21]. In particular, we use the symmetric version of
NMF (SNMF) [10, 18] to partition the main network, which
minimizes the following objective function
JM = G − HH 2F

where  · F is the Frobenius norm and H ∈ Rg×k
is the
+
factor matrix of the main network. An element hij of H
indicates to which degree main node i belongs to the j th
main cluster. We solve Eq. (1) using the method in [10]:


Definition 1. A Network of Networks (NoN) is defined as R =< G, A >, where G is the g × g main network, A = {A(1) , ..., A(g) } is a set of g domain-speciﬁc
networks. Node i (i = 1, ..., g) in the main network G corresponds to domain-specific network A(i) .
We refer to the nodes in the main network and domainspeciﬁc networks as the main nodes and domain nodes respectively. We use V (i) to represent the set of domain nodes
in domain-speciﬁc network A(i) , and I (ij) to represent the
common nodes between A(i) and A(j) , i.e., I (ij) = V (i) ∩
V (j) .
For example, in Figure 1, the dashed network is the main
network G, which has six main nodes {A, B, C, D, E, F}.
Each of these main nodes corresponds to a domain-speciﬁc
network (the solid network). The main node A corresponds
to the domain-speciﬁc network with nine domain nodes {1,
3, 4, 5, 7, 9, 10, 11, 13}. The common nodes between
domain-speciﬁc networks of A and B are {1, 3, 4, 5, 7, 9,
10, 11}.
We refer to the clusters in the main network and domainspeciﬁc networks as the main clusters and domain clusters,
respectively. For example, in Figure 1, there are two main
clusters {A, B, C} and {D, E, F}. In the domain-speciﬁc
network B, there are three domain clusters {1, 4, 11, 12},
{2, 7, 10} and {3, 5, 9}.
Our goal is to partition the domain-speciﬁc networks while
respecting the clustering structure in the main network. More
formally, let H = {H1 , ..., Hk } be a partition of the main
network, we want to ﬁnd C = {C (1) , ..., C (g) }, the collection of partitions of all domain-speciﬁc networks, where C (i)
(i = 1, ..., g) is a partition of domain-speciﬁc network A(i) ,
with respect to the main clusters in H. Note that in this
paper, we focus on ﬁnding non-overlapping clusters. This
is also the goal of the existing multi-view and multi-domain
graph clustering methods [37, 20, 19, 8, 33].

4.

THE NONCLUS ALGORITHM

Our NoNClus method clusters a NoN using a two-phase
approach. In Phase I, we partition the main network. To
partition the domain-speciﬁc networks, in Phase II, we develop a regularized non-negative matrix factorization (NMF)

(1)

GH
H ←H◦ 1−β+β
H(H) H


(2)

◦ and [·]
are element-wise operators and 0 ≤ β ≤ 1 is a
[·]
parameter which is suggested to be set to 0.5 in practice.

4.2 Domain-specific Network Clustering
In Phase II, we incorporate the main cluster information
to cluster domain-speciﬁc networks. We ﬁrst consider a simple case, where every domain-speciﬁc network has a set of n
nodes and t clusters. Note that in general, diﬀerent domainspeciﬁc networks may have diﬀerent number of nodes and
clusters.

4.2.1 The Simplified Case
(i)

1×t
For any domain node x, let ux∗ ∈ R+
(i = 1, ..., g)
represent its domain cluster assignment vector in A(i) . We
assume that domain-speciﬁc networks in the same main cluster share a common underlying clustering structure. Since
there are k main clusters {H1 , ..., Hk }, for domain node x,
we introduce k hidden domain cluster assignment vectors
(j)
(i)
1×t
vx∗ ∈ R+
(j = 1, ..., k) to regularize ux∗ . If A(i) belongs to main cluster Hj , we want to minimize the clus(i)
(j)
ter assignments inconsistency between ux∗ and vx∗ , i.e.,
(i)
(j) 2
ux∗ − vx∗ F .
Furthermore, recall that hij denotes the strength of the
main cluster membership. For domain node x, we can collectively penalize the inconsistencies between its domain cluster
assignment vectors and hidden domain cluster assignment
vectors by minimizing

Jx =

g
k



(j) 2
hij u(i)
x∗ − vx∗ F

(3)

i=1 j=1

Note that if two domain-speciﬁc networks A(p) and A(q)
have high hpj and hqj values, i.e., they are likely to belong to
the same main cluster Hj , the inconsistency between clus(p)
(q)
ter assignments ux∗ and ux∗ of node x will be penalized
(j)
through vx∗ . This is intuitive since if A(p) and A(q) are in
the same main cluster, the clustering structures of A(p) and
A(q) should be similar.

Generalizing Eq. (3) to all domain nodes, we have the
following objective function:
min

U(i) ≥0 (i=1,...,g)
V(j) ≥0 (j=1,...k)

g


JD =

A(i) − U(i) (U(i) ) 2F

i=1







domain−specif ic network clustering
k

g

+a

i=1 j=1



min

U(i) ≥0 (i=1,...,g)
V(j) ≥0 (j=1,...k)

(4)

hij U(i) − V(j) 2F


Summing up the inconsistencies over all domain nodes, we
have the following objective function that allows partially
aligned domain-speciﬁc networks to have diﬀerent sizes and
number of clusters:



main cluster guided regularization

In Eq. (4), U(i) ∈ Rn×t
is the factor matrix of A(i) , and
+
n×t
(j)
V ∈ R+ represents the underlying clustering structure
of domain-speciﬁc networks in main cluster Hj . In the next,
we refer to V(j) as the j th hidden factor matrix.

4.2.2 The General Case
In general, the domain-speciﬁc networks may have different node sets and sizes. To generalize the basic model
discussed in the previous section, we allow factor matrix
U(i) to have diﬀerent number of rows (nodes) for diﬀerent
domain-speciﬁc networks. We further allow hidden factor
matrix V(j) to contain all nodes in the domain-speciﬁc networks that belong to main cluster Hj . That is, the set of
(j)
nodes in V(j) is VV = V (i) (i ∈ Hj ). Thus V(1) , ..., V(k)
also have diﬀerent number of rows (nodes).
Furthermore, diﬀerent domain-speciﬁc networks may share
some common nodes. For example, a gene may be expressed
in multiple tissues; a user may have accounts in multiple so(j)
cial networks. Let ni = |V (i) | and ñj = |VV |. We introduce
n
×ñ
mapping matrices O(ij) ∈ R+i j , such that O(ij) (x, y) = 1
if the xth row of U(i) and the y th row of V(j) represent
the same data object; O(ij) (x, y) = 0 otherwise. Note that
each row of O(ij) has at most one 1 because of the oneto-one relationship between the common nodes in diﬀerent
domain-speciﬁc networks.
Since not all nodes in A(i) have corresponding rows in
(j)
V , we also introduce the diagonal mapping matrices D(ij) ∈
i ×ni
, such that D(ij) (x, x) = 1 if the xth row of U(i) has a
Rn
+
corresponding row in V(j) ; D(ij) (x, x) = 0 otherwise. Note
that D(ij) = O(ij) (O(ij) ) .
Next, we further generalize our method to allow domainspeciﬁc networks to have diﬀerent number of clusters. If hij
is large, i.e., strong main cluster membership, we want the
same rows in D(ij) U(i) and O(ij) V(j) to be similar, since
they denote the cluster assignments for the common nodes.
However, diﬀerent number of clusters will result in diﬀerent
number of columns in U(i) and V(j) . This makes the direct
inconsistency penalty of domain clusters in the simple case
Eq. (4) no longer applicable. We address this issue by taking
an indirect regularization.
Let Û(ij) = D(ij) U(i) and V̂(ij) = O(ij) V(j) . Consider
two nodes x and y in A(i) that have similar cluster assign(ij)
(ij)
ments ûx∗ and ûy∗ . If hij is large, their corresponding
(ij)
(ij)
cluster assignments v̂x∗ and v̂y∗ should be similar. For
example, in Figure 1, if nodes 1 and 3 have similar cluster
assignments in domain-speciﬁc network D, their cluster assignments in the underlying clustering structure shared by
{D, E, F} should be similar as well. We measure cluster
assignment similarity by their inner product, and minimize
(ij)
(ij)
(ij)
(ij)
the inconsistency (ûx∗ (ûy∗ ) − v̂x∗ (v̂y∗ ) )2 .

JD =

g


JA + a

i=1

g
k



hij JR

(5)

i=1 j=1

where
JA = A(i) − U(i) (U(i) ) 2F
JR =

ni ni



(ij) 
(ij)
(ij)  2
(û(ij)
x∗ (ûy∗ ) − v̂x∗ (v̂y∗ ) )

x=1 y=1

= (D(ij) U(i) )(D(ij) U(i) ) − (O(ij) V(j) )(O(ij) V(j) ) 2F
In Eq. (5), a is a regularization parameter for the relative
importance between the domain-speciﬁc network clustering
and the main cluster guided regularization. Intuitively, the
more reliable the main network, the larger the value of a.
Discussions: The existing NMF based multi-view clustering methods either assume a single shared factor matrix
among all views [1] or regularize all factor matrices towards
a single centroid factor matrix [23]. In contrast, NoNClus
introduces multiple hidden factor matrices to diﬀerentially
regularize domain-speciﬁc clusters guided by the main clusters. If there is only one main cluster, NoNClus degenerates to a multi-view graph clustering method. Moreover,
NoNClus allows diﬀerent network sizes and number of clusters among domain-speciﬁc networks. Therefore, NoNClus
can be viewed as a generalization of the existing multi-view
graph clustering methods to diﬀerent sized networks with
multiple underlying clustering structures.

4.3 Learning Algorithm
Since the objective function Eq. (5) is not jointly convex,
we optimize it by an alternating minimization approach, i.e.,
the objective function is alternately minimized with respect
to one variable while ﬁxing others. This procedure repeats
until convergence.
Theorem 1 in the following gives the solution of U(τ ) (1 ≤
τ ≤ g) when ﬁxing other variables. Theorem 2 gives the
solution of V(η) (1 ≤ η ≤ k) when ﬁxing other variables.
Theorem 1. Updating U(τ ) . When other variables are
fixed, updating U(τ ) according to Eq. (6) monotonically decreases Eq. (5) until convergence. At convergence, the solution is a KKT fixed point.
1
 (τ ) (τ )
A U + a kj=1 hτ j W(τ j) U(τ ) 4
(τ )
(τ )
U ←U ◦
U(τ ) (U(τ ) ) U(τ ) + a kj=1 hτ j Y (τ j)
(6)
where
W(τ j) = (D(τ j) ) (O(τ j) V(j) )(O(τ j) V(j) ) D(τ j)
Y (τ j) = (D(τ j) ) D(τ j) U(τ ) (U(τ ) ) (D(τ j) ) D(τ j) U(τ )
Theorem 2. Updating V(η) . When other variables are
fixed, updating V(η) according to Eq. (7) monotonically decreases Eq. (5) until convergence. At convergence, the solution is a KKT fixed point.
 g
(iη) (η)  1
4
V
(η)
(η)
i=1 hiη Q
(7)
V ←V ◦
g
(iη)
h
R
iη
i=1

Algorithm 1: NoNClus
Input: (1) a network of networks R =< G, A >; (2) the
mapping matrices {O(ij) } and {D(ij) }; (3) the
number of main clusters k; (4) the number of domain
clusters in {A(i) } and {V(j) }; (5) the parameter a
Output: a collection of partitions C = {C (1) , ..., C (g) } of all
domain-specific networks
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

Normalize G, A(i) (i = 1, ..., g) by Frobenius norm;
Phase I:
Initialize H with random values within (0, 1];
repeat
Update H by Eq. (2);
until Convergence
Normalize H by H ← D−1
H H;
Phase II:
for τ ← 1 to g do
Initialize U(τ ) with random values within (0, 1];
end
for η ← 1 to k do
Determine the size of V(η) based on main cluster
membership of domain-specific networks;
Initialize V(η) with random values within (0, 1];
end
repeat
for τ ← 1 to g do
Update U(τ ) by Eq. (6);
end
for η ← 1 to k do
Update V(η) by Eq. (7);
end
until Convergence
return C = {C (1) , ..., C (g) } based on U(1) , ..., U(g) .

Q(iη) = (O(iη) ) (D(iη) U(i) )(D(iη) U(i) ) O(iη)
R(iη) = (O(iη) ) O(iη) V(η) (V(η) ) (O(iη) ) O(iη) V(η)
1

In Eq. (6) and Eq. (7), ◦, [·]
and (·) 4 are element-wise
[·]
operators. Algorithm 1 summarizes our alternating minimization algorithm according to Theorems 1 and 2.

4.4 Correctness Analysis
In the next, we provide theoretical analysis of the updating rule in Theorem 1. We ﬁrst prove the correctness of
Eq. (6) according to the Karush-Kuhn-Tucker (KKT) condition [7]. Then we analyze its convergence using the auxiliary function approach [21]. The proofs for Theorem 2 are
similar and omitted here.
Theorem 3. Correctness of Eq. (6). At convergence,
the solution found by updating U(τ ) according to Eq. (6) is
a KKT fixed point.
Proof. Omitted for brevity. The formal proof can be
found in an online Supplementary Material2 .

4.5 Convergence Analysis
Next we prove the convergence of Eq. (6) using the auxiliary function approach [21].
Definition 2. [21] A function Z(h, h̃) is an auxiliary
function for a given function J(h) if the conditions Z(h, h̃) ≥
J(h) and Z(h, h) = J(h) are satisfied.
http://ﬁler.case.edu/jxn154/NoNClus

h

Theorem 4 gives the auxiliary function for the objective
function Eq. (5) w.r.t. U(τ ) .
Theorem 4. Auxiliary function of J(U(τ ) ). Let J(U(τ ) )
denote the sum of all terms in Eq. (5) that contains U(τ ) ,
then the following function
Z(U(τ ) , Ũ(τ ) ) = −2



(τ )

(τ )

(τ )



Arp Ũpq Ũrq

1 + log



(Ũ(τ ) (Ũ(τ ) ) Ũ(τ ) )pq

pq

− 2a


j

hτ j



(τ j)

(τ )

(Upq )4
(τ )
(Ũpq )3

(τ )

(τ )

Wrp Ũpq Ũrq

+a

(τ ) 

(τ )

(τ )

Ũpq Ũrq

pqr

+

(τ )

Upq Urq



hτ j

1 + log

pqr

(τ j)

Ỹpq

pq

j





(τ )

(τ ) 

(τ )

(τ )

(τ )

(Upq )4
(τ )

(Ũpq )3

Upq Urq
Ũpq Ũrq

(8)

where
W(τ j) = (D(τ j) ) (O(τ j) V(j) )(O(τ j) V(j) ) D(τ j)
Ỹ (τ j) = (D(τ j) ) D(τ j) Ũ(τ ) (Ũ(τ ) ) (D(τ j) ) D(τ j) Ũ(τ )
is an auxiliary function for J(U(τ ) ). It is also a convex
function in U(τ ) and its global minimum is
1
 (τ ) (τ )
A Ũ + a kj=1 hτ j W(τ j) Ũ(τ ) 4
U(τ ) = Ũ(τ ) ◦
Ũ(τ ) (Ũ(τ ) ) Ũ(τ ) + a kj=1 hτ j Ỹ (τ j)
(9)
Proof. Omitted for brevity. The formal proof can be
found in the Supplementary Material.

where

2

Lemma 1. [21] If Z is an auxiliary function for J, then J
is non-increasing under the update h(t+1) = arg min Z(h, h(t) ).

Next we show the convergence of updating U(τ ) by Eq. (6)
in Theorem 5.
Theorem 5. Convergence of Eq. (6). When other
variables are fixed, updating U(τ ) according to Eq. (6) monotonically decreases Eq. (5) until convergence.
Proof. According to Deﬁnition 2, Lemma 1 and Theorem 4 (note Eq. (9) is consistent with Eq. (6)), at any
iteration κ ≥ 0 during updating U(τ ) , we have
J((U(τ ) )(κ) ) = Z((U(τ ) )(κ) , (U(τ ) )(κ) )
≥ Z((U(τ ) )(κ+1) , (U(τ ) )(κ) ) ≥ J((U(τ ) )(κ+1) )
where (U(τ ) )(κ) denotes the updated U(τ ) at κth iteration.
Thus J(U(τ ) ) monotonically decreases. Since the objective
function Eq. (5) is bounded below by 0, the updating of U(τ )
will converge.
Similarly, Theorem 2 can be proved. Therefore, alternately updating U(τ ) and V(η) by Eq. (6) and Eq. (7) monotonically decreases Eq. (5) until convergence and the stationary point is a KKT ﬁxed point, which guarantees the
correctness and convergence of Algorithm 1.

4.6 Complexity Analysis
Let N be the maximal number of nodes in any domainspeciﬁc network. There can be at most N non-zero entries in
O(ij) and D(ij) (i = 1, ..., g, j = 1, ..., k) because of the oneto-one mapping between common nodes in diﬀerent domainspeciﬁc networks. In practice, A(1) , ..., A(g) and G can be
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Figure 2: Synthetic dataset generation
sparse. Let M and m be the maximal number of non-zero
entries in any A(i) and G, respectively. Let T be the maximal number of clusters in any A(i) .
Based on Eq. (6) and Eq. (7), updating each U(τ ) and
V(η) require O(M T + kN T 2 ) and O(gN T 2 ) time, respectively. Thus the overall time complexity of Algorithm 1
is O(Im (mk + gk2 ) + Id (gM T + gkN T 2 )) considering both
Phase I and Phase II, where Im and Id are the total number
of iterations before the convergence of Phase I and Phase II,
respectively. Moreover, Im , g, m and k are usually much
smaller than Id , N , M and T , respectively. T is much
smaller than N , and k can be regarded as a small constant.
Therefore, the actual time complexity can be denoted as
O(Id g(M T + N T 2 )). The experimental results show that
the our algorithm is almost linear with respect to M .

5.

EXPERIMENTAL RESULTS

In this section, we evaluate NoNClus on synthetic and
real-world datasets and compare it with the state-of-the-art
multi-view and multi-domain graph clustering methods.

5.1 Effectiveness Evaluation
5.1.1 Simulation Study
We ﬁrst evaluate our method using synthetic datasets. We
generate a main network containing three main clusters with
sizes 3, 3, 4 as shown in Figure 2(a). The domain-speciﬁc
networks are generated as follows. We ﬁrst generate an underlying domain-speciﬁc clustering structure for each main
cluster. Figure 2(b) shows an example containing ﬁve clusters of the same size, where non-zero entries are set to 1.
Then domain-speciﬁc networks are generated from each un-

derlying clustering structure. To embed noise, we randomly
ﬂip α (0 ≤ α ≤ 1) fraction of 1 entries in the matrix to 0
and β (0 ≤ β ≤ 1) fraction of 0 entries to 1. An example
is shown in Figure 2(c) with α = 80% and β = 5%. To
generate domain-speciﬁc networks with diﬀerent sizes, we
randomly remove or add ε fraction of nodes in the previous
matrix. ε follows normal distribution with mean μ and standard deviation σ and its value is set between 0 and 1. An
example with 215 domain nodes generated by μ = 0.3 and
σ = 0.05 is shown in Figure 2(d).
Using the above approach, we generate two diﬀerent types
of synthetic datasets. In the ﬁrst dataset, all three underlying clustering structures contain 5 clusters, and all domainspeciﬁc networks have the same set of 200 nodes. α and β
are set to 80% and 5% respectively to simulate noise. We refer to this dataset as the SynNoN-view dataset. This dataset
is used to evaluate the multi-view graph clustering methods,
since they assume all views have the same size.
In the second dataset, the three underlying clustering structures contain 5, 6, 7 clusters, and 200, 300, 350 nodes, respectively. They share 100 common nodes. The domainspeciﬁc networks are generated with α = 80%, β = 5%,
μ = 0.3 and σ = 0.05. We refer to this dataset as the
SynNoN-dom dataset. This dataset is used to evaluate the
multi-domain graph clustering methods, which allow diﬀerent domain sizes.
We compare NoNClus with several state-of-the-art clustering methods, including (1) Symmetric NMF (SNMF) [18];
(2) spectral clustering (Spectral) [29]; (3) multi-view cotraining spectral clustering (CTSC) [19]; (4) multi-view pairwise co-regularized spectral clustering (PairCRSC) [20]; (5)
multi-view centroid-based co-regularized spectral clustering
(CentCRSC) [20]; (6) Tensor Factorization (TF) [16]; and
(7) multi-domain co-regularized graph clustering (CGC) [8].
Note that the SNMF and spectral clustering methods can
only be applied to a single network. CTSC, PairCRSC and
CentCRSC are multi-view graph clustering methods and can
only be applied on the SynNoN-view dataset. For TF, we
test both CP and Tucker decompositions [16] and use three
diﬀerent strategies to assign a data object to a cluster: (1)
the highest value in a row of the factor matrix; (2) the highest absolute value in a row of the factor matrix [32]; and (3)
applying k-means [25] on the factor matrix. The best results
are reported. Note that TF is similar to multi-view methods thus can only be applied on the SynNoN-view dataset.
Moreover, TF does not distinguish individual networks and
only gives an overall clustering result of all nodes. CGC is
a recent multi-domain graph clustering method that can be
applied on the SynNoN-dom dataset. The common node
relationships between diﬀerent domain speciﬁc networks are
used as the cross-domain relationships in CGC.
Table 2 shows the averaged accuracy of diﬀerent methods over 500 runs. The parameters are tuned for optimal
performance of all methods. It can be seen that NoNClus
achieves better individual and overall performance compared
to other methods on both datasets. The multi-view/domain
methods, CTSC, PairCRSC, CentCRSC, TF and CGC assume a single underlying clustering structure. In contrast,
NoNClus allows more ﬂexible underlying clustering structures. This demonstrates that utilizing domain similarity
network can dramatically improve the accuracy.
Next, we study a degraded version of NoNClus, which
assumes that all domain-speciﬁc networks share the same

Table 2: Accuracy of diﬀerent methods on synthetic datasets
Main cluster
Net 1
Net 2
0.8751
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0.8587
0.8586
0.6249
0.6258
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0.9031
−
−
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5.1.2 20-Newsgroup Dataset
underlying clustering structure, but allows diﬀerent sized
domain-speciﬁc networks. We refer to this degraded version
as NoNClus’. As discussed in Sec. 4.2.2, NoNClus’ has
the same assumption as the multi-view clustering methods
and can be treated as a generalization of these methods on
diﬀerent sized networks.
We generate multiple domain-speciﬁc networks with different sizes sharing the same underlying clustering structure
by setting α = 80%, β = 5%, μ = 0.3, σ = 0.05. Note that
the multi-view graph clustering methods cannot be applied
to this dataset. Figure 3(a) shows the accuracy when varying the number of domain-speciﬁc networks. All results are
averaged over 500 runs. It can be seen that NoNClus’ is
eﬀective in incorporating information from multiple domainspeciﬁc networks. It performs better than single network
clustering methods and is similar to CGC on this dataset.
We also generate domain-speciﬁc networks with the same
size by setting α = 80%, β = 5%, μ = 0, σ = 0, so that the
multi-view graph clustering methods can be applied. Figure 3(b) shows the results on this dataset (CTSC and TF
requires at least two views to run). From the results, we
can observe that NoNClus’ is comparable to the multi-view
methods when applied to networks of the same size but is
more general than them. Also, NoNClus’ is similar to the
multi-domain method CGC. Note that CGC uses a pairwise
regularization. NoNClus’ utilizes a centroid regularization,
thus is more eﬃcient than CGC (see Sec. 5.2). Because of
its competitive performance and eﬃciency, in the following,
we use NoNClus’ as an alternative to multi-view/domain
graph clustering methods for datasets with diﬀerent-sized
domain-speciﬁc networks.

We further evaluate the eﬀectiveness of NoNClus using
20-Newsgroup dataset3 . Following a similar approach as in
[9], we preprocess the data by removing stop words, ignoring
headers and subject lines. For each newsgroup, we select the
top 2000 words using the mutual information based feature
selection method.
We use 12 news groups of three categories, Comp, Rec and
Talk4 , corresponding to three underlying clustering structures, each with four clusters (news groups). In this study,
we generate 10 domain-speciﬁc networks from each category.
Each domain-speciﬁc network contains randomly sampled
200 documents from the 4 news groups (50 documents from
each group) in a category. The aﬃnity matrix of documents
is computed based on cosine similarity. The main network is
generated by the cosine similarity between the overall word
frequencies of domain-speciﬁc networks. As a result, the
main network contains 30 main nodes forming three main
clusters corresponding to the three categories. Each main
node corresponds to a domain-speciﬁc network.
The common nodes in diﬀerent domain-speciﬁc networks
are generated as follows. For any two domain-speciﬁc networks generated from the same underlying clustering structure, a document in one domain-speciﬁc network is randomly
mapped to a document with the same cluster label (e.g.,
comp.graphics) in another domain-speciﬁc network. For any
two domain-speciﬁc networks generated from diﬀerent un3

http://qwone.com/%7Ejason/20Newsgroups/
Comp: comp.graphics, comp.os.ms-windows.misc, comp.
sys.ibm.pc.hardware, comp.sys.mac.pc.hardware; Rec: rec.
autos, rec.motorcycles, rec.sport.baseball, rec.sport.hockey;
Talk: talk.politics.guns, talk.politics.mideast, talk.politics.
misc, talk.religion.misc.
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derlying clustering structures, the documents are randomly
mapped with one-to-one relationship. We vary the ratio of
common nodes, η, from 0 to 1 to evaluate its eﬀect.
The clustering performance is evaluated using both purity
accuracy and normalized mutual information (NMI) according to the labels provided in the dataset. Since multi-view
clustering methods CTSC, PairCRSC, CentCRSC and TF
cannot be applied on networks with partial common nodes,
NoNClus’ is used as a generalization of the multi-view clustering methods. Also, single network clustering methods
SNMF and Spectral clustering (Spectral) are performed on
individual domain-speciﬁc networks. The widely used kmeans method [25] is also selected as a baseline method in
this comparison. It is applied on the original document-word
matrix instead of the network data.
Figures 4 shows the average accuracy and NMI on all
domain-speciﬁc networks when varying η. All results are averaged over 100 runs. As can be seen from the ﬁgures, NoNClus becomes better than SNMF when there are around
40% common nodes. NoNClus’ performs worse than NoNClus and does not obviously increase the accuracy over
SNMF. This is because NoNClus’ cannot handle multiple
underlying clustering structures. The results demonstrate
that NoNClus can eﬀectively improve the accuracy with a
small number of common nodes among diﬀerent networks.

5.2 Performance Evaluation
In this section, we evaluate NoNClus in terms of its sensitivity to the regularization parameter a and its scalability.
The evaluation of its convergence property can be found
in the Supplementary Material. The datasets used include
SynNoN-view, SynNoN-dom and 20-Newsgroup.
Figure 5 shows the clustering accuracy and NMI when
varying a. The results of single network clustering methods
are used as references. The accuracy and NMI are averaged
over 100 runs. We observe that NoNClus is not sensitive
to the regularization parameter a. The accuracy and NMI
increase as a increases and become stable after a ≥ 1.

Figure 7: Tissue-tissue similarity network (the main
network in NoN)
Next, we evaluate the eﬃciency of NoNClus using the
SynNoN-view dataset. Other multi-view/domain graph clustering methods are also evaluated as references (CTSC is
omitted since it does not guarantee convergence). The experiments are performed on a 2.10GHz machine with 48GB
memory. The reported results are averaged over 10 runs.
Figure 6(a) shows the running time when varying the
size of the domain-speciﬁc networks. There are 6 domainspeciﬁc networks. The network size is measured by the total number of edges in all domain-speciﬁc networks. Figure
6(b) shows the running time when varying the number of
domain-speciﬁc networks. There are 2, 500 nodes in each
network. We omit some results of PairCRSC, CentCRSC
and CGC because of their high memory or running time
costs. As can be seen, the running time of NoNClus is
almost linear w.r.t. the size and number of domain-speciﬁc
networks. This is consistent with the time complexity analysis in Sec. 4.6. In addition, NoNClus is faster than other
methods since PairCRSC and CGC require pairwise regularizations, and the eigendecomposition process of PairCRSC
and CentCRSC for non-sparse matrices are time and space
consuming. NoNClus runs faster than NoNClus’ because
of its faster convergence rate.

5.3 A Case Study of Tissue-Specific Gene CoExpression Networks
In this section, we apply NoNClus on tissue-speciﬁc gene
co-expression networks. We use the recently published global
map of human gene expression dataset [24] to generate tissuespeciﬁc gene co-expression networks. The dataset contains
5372 samples for 128 diﬀerent tissues in four diﬀerent cell
types, i.e., normal, disease, neoplasm and cell line. Following a similar approach as in [5], we consider tissues of normal
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Figure 8: Performance comparison on tissue-speciﬁc gene co-expression NoN
status and experiments with at least ﬁve replicates. We select 8 tissues, i.e., blood, lymph node, tonsil, thymus, brain,
caudate nucleus, hypothalamus and cerebellum to form the
main network. The tissue similarity matrix is constructed
using the pairwise correlation (normalized between [0, 1]) of
the expression data of tissue-speciﬁc genes. The main network is shown in Figure 7, which contains two main clusters.
For each tissue, we construct the tissue-speciﬁc gene coexpression network using the gene expression data for that
tissue. We extract genes that are expressed in each tissue
(with expression values greater than 10). The edges in a
gene co-expression network are weighted by the Pearson’s
correlation coeﬃcient (normalized between [0, 1]) between
two connected genes. The statistics of the gene co-expression
networks are summarized in Table 3.
We compare NoNClus with (1) SNMF; (2) Spectral clustering (Spectral); (3) Markov clustering (MCL) [34]; (4)
ClusterOne [27]; and (5) NoNClus’. MCL has been widely
applied to detect functional modules in biological networks
[3]. ClusterOne can detect overlapping clusters. Its overlapping rate is set such that any two clusters of size 5 can
have at most 3 common genes (i.e., match coeﬃcient [27]
0.36). This rate also applies to clusters of other sizes. Note
that multi-view clustering methods cannot be applied because of the diﬀerent network sizes. We use NoNClus’ as
an alternative.
The clustering performance are evaluated using the standard Gene Set Enrichment Analysis (GSEA) [31]. The most
signiﬁcant Gene Ontology (GO) term in the biological process category [2] is assigned to each identiﬁed gene cluster
(we evaluate clusters with sizes at least 5). The signiﬁcance
is assessed by Hypergeometric distribution [3]. Raw p-values
are adjusted for multiple testing [36] by False Discovery Rate
(FDR) [4].
We ﬁrst assume that all gene co-expression networks have
the same number of clusters. If a method needs initialization, we run it with 10 random initializations and report the
optimal performance. Figure 8(a) shows the total number
of signiﬁcant clusters detected in all gene co-expression networks w.r.t. the input number of domain clusters. As we
can see, for the methods that need input cluster number, the
best performance occurs when the number of clusters is set
to 70. Before that, all methods perform similarly because
of the limited numbers of clusters. After that, NoNClus is
more stable than NoNClus’, since NoNClus allows multi-

Table 4: Number of signiﬁcant clusters
Method
# signiﬁcant clusters p-value
SNMF
116
4.64 × 10−5
Spectral
119
6.66 × 10−3
MCL
70
6.45 × 10−17
ClusterOne
89
1.43 × 10−10
NoNClus’
121
4.87 × 10−2
NoNClus
130
1

ple underlying clustering structures. NoNClus also detects
more signiﬁcant clusters than other methods do.
Next we present the results of the selected methods when
their parameters are tuned for their optimal performance. In
particular, the numbers of domain clusters for NoNClus’
and NoNClus can be tuned by using the optimal values
individually given by SNMF or spectral clustering. In this
experiment, they are around 70.
The p-values of detected clusters are shown in Figure 8(b).
The clusters are sorted in ascending order of their p-values.
We observe that the clusters detected by NoNClus are more
signiﬁcant than those identiﬁed by other methods.
Table 4 shows the number of signiﬁcant clusters identiﬁed
by diﬀerent methods using a signiﬁcance threshold 0.05. It
can be seen that NoNClus detects more signiﬁcant clusters
than other methods do. For each alternative method, we
further perform the two-sample t-test on the p-values of the
155 most signiﬁcant clusters detected by that method and
those by NoNClus. The signiﬁcance of the test results are
reported in the third column of Table 4. Clearly, NoNClus
performs signiﬁcantly better than other methods.
The reason for the better performance of NoNClus is
that the gene co-expression networks are very noisy. Single
network clustering methods can be sensitive to these noises.
Utilizing common clustering structure shared by similar tissues can help improve the robustness of the method. On the
other hand, the same set of genes forming a cluster in similar tissues may not form a cluster in dissimilar tissues. In
particular, there are some housekeeping genes that are universally expressed in diﬀerent tissues. These genes achieve
their functions in diﬀerent tissues by interacting with genes
that are tissue speciﬁc. These tissue speciﬁc genes are expressed only in some tissues but not in others [6]. Thus
it is more reasonable to distinguish diﬀerent tissue (main)

clusters when integrating multiple tissue speciﬁc gene coexpression networks.

6.

CONCLUSION

Clustering multiple networks has been widely recognized
as promising to improve graph clustering performance. Existing multiple network clustering methods, such as multiview/domain graph clustering, assume a single underlying
clustering structure is shared among all networks. In this
paper, we propose a new clustering framework that clusters
multiple domain-speciﬁc networks sharing multiple underlying clustering structures. We model domain similarity as a
main network where main nodes represent domain-speciﬁc
networks and formulate the clustering problem on this novel
network of networks (NoN) setting as a two phase regularized optimization problem. We develop NoNClus to solve
this problem and provide rigorous theoretical analysis concerning its correctness, convergence and complexity. Experimental results on both synthetic and real-world datasets
demonstrate the eﬀectiveness of NoNClus.
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